It is shown that the nonlinear equation governing the dynamics of coupled dust-acoustic and dust-cyclotron waves in a magnetized dust-ion plasma can be written in the form of an energy integral. The latter is analyzed analytically as well as numerically to investigate the properties of arbitrary amplitude solitary waves. It is found both analytically as well as numerically that there exist solitary waves only with a negative potential. The implications of these results to some space and astrophysical dusty plasma systems, especially to planetary ring systems and cometary tails, are briefly discussed.
I. INTRODUCTION
There has been a great deal of interest [1] [2] [3] [4] in numerous collective processes in dusty plasmas because of their vital role in understanding different types of new and interesting aspects of cosmic environments ͑such as planetary rings, cometary tails, interstellar clouds, etc.
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͒, low-temperature radio-frequency plasma discharges, 8 processing plasmas ͑such as coating and etching of thin films 9 ͒, plasma crystals, [10] [11] [12] etc. After the theoretical prediction of the existence of the dust-acoustic waves 13, 14 and the dust-ion-acoustic waves 15 by Shukla and collaborators, [13] [14] [15] a number of experimental [16] [17] [18] and theoretical [19] [20] [21] [22] studies have been made to examine linear waves and associated damping/instabilities in an unmagnetized dusty plasma. Since most of the dusty plasmas in laboratory and space environments are confined in an external magnetic field, it is of practical interest to examine the properties of dusty plasma waves in a magnetoplasma. [23] [24] [25] [26] [27] [28] Shukla 23 and Shukla and Rahman 24 have shown the existence of lower-hybrid and dust-cyclotron modes, whereas Chow and Rosenberg 25, 26 have studied the instabilities of electrostatic ion-cyclotron waves in magnetized dusty plasmas. A review of dusty plasma waves in a dusty magnetoplasma has been presented by Shukla. 27, 28 Most of the studies on waves in a magnetized dusty plasma, discussed up to now, have dealt with linear theories. However, there are many dusty plasma situations where the excitation mechanism gives rise to large amplitude waves, and as a result nonlinear effects become important. One of the most interesting topics concerning such nonlinear effects is the formation of solitary waves, particularly the dustacoustic solitary waves. 13, 29 The small but finite 13 and arbitrary amplitude [29] [30] [31] dust-acoustic solitary waves in the onedimensional and unmagnetized case have been rigorously investigated by a number of authors. [29] [30] [31] [32] [33] [34] [35] [36] Recently, Kotsarenko et al. 32 and Mamun 33 have studied the nonlinear propagation of the dust-acoustic waves in a magnetized dusty plasma by means of the reductive perturbation technique, which is valid for small but finite amplitude wave. In this paper, we consider a magnetized ion-dust plasma and study the nonlinear propagation of the coupled dust-acoustic and dust-cyclotron waves by means of the Sagdeev potential approach which is valid for arbitrary amplitudes. We have found here that there exist solitary waves only with a negative potential. We have also found that the criteria for the existence of such solitary waves as well as their properties ͑such as the width and the amplitude͒ have been significantly modified by the effects of the external magnetic field and the obliqueness of the wave propagation. The manuscript is organized as follows. We have presented the governing equations and have made linear as well as nonlinear analysis of coupled dust-acoustic and dustcyclotron waves in Sec. II. A brief summary of our findings is given in Sec. III.
II. FORMULATION AND ANALYSIS
We consider a two-component dusty plasma consisting of Boltzmann distributed ions and highly negatively charged dust grains which are magnetized. This two-component dustion plasma model corresponds to a situation when most of the electrons from the ambient plasma are attached to the dust grain surface so that we may have n e0 ӶZ d n d0 , where n e0 and n d0 are the unperturbed electron and dust particle number densities, respectively, and Z d is the number of electrons residing onto the dust grain surface. However, it should be noted that the depletion of the electrons cannot be complete, 34 because the minimum value of the ratio between the electron and ion number densities turns out to be (m e /m i ) 1/2 when the grain surface potential approaches zero, where m e (m i ) is the electron ͑ion͒ mass. Here, the dusty plasma may be regarded approximately as a two-component plasma composed of negatively charged dust grains and ions: The latter shield the dust grains. 35 This model is relevant to planetary ring systems ͑e.g., Saturn's F-ring 5, 15, 29 ͒ and in comets ͑e.g., Halley's comet 32, 38 ͒. The assumption n e0 ӶZ d n d0 corresponds to a situation when Z d ӷn e0 /n d0 . This model is valid because for such a situation we have n e0 /n i0 Ӎ(m e /m i ) 1/2 and m e /m i Ӷ1, where n i0 is the unperturbed ion particle number density. Thus, at equilibrium we have n i0 ӍZ d n d0 . We assume that the dusty plasma is embedded in a uniform external magnetic field B 0 ϭẑB 0 , where ẑ is the unit vector along the z axis. 36 We also assume that the grain size is much smaller than the dusty plasma Debye radius. The governing equations which describe the dynamics of nonlinear wave mode in such a two-component ͑dust-ion͒ magnetoplasma are
and 
where
. Supposing that is proportional to exp(Ϫitϩik"r), where (k) is the wave frequency ͑wave vector͒, we have from ͑4͒ a quadratic equation for 2 , which can be solved to yield
The branch ϭ Ϫ describes the obliquely propagating dustacoustic waves, whereas the branch ϭ ϩ describes the obliquely propagating dust-cyclotron waves. For a strongly magnetized dusty plasma case or for the limit of a weak dispersion ͑i.e., for k z c d Ӷ cd ), we can express the dispersion relations for these two modes Ϯ as
We now study the nonlinear propagation of obliquely propagating coupled dust-acoustic and dust-cyclotron waves in our two-component dusty magnetoplasma. We express ͑1͒-͑3͒ in terms of the normalized variables, namely, 
where kϭ(k x ,0,k z ), ␣ϭk x /kϭsin , ␥ϭk z /kϭcos ͑in which kϭͱk x 2 ϩk z 2 and is the angle between k and B 0 ), M ϭv p /c d ͑in which v p ϭ/k is the phase speed of the wave͒. Therefore, in the steady state ‫,)0‪ϭ‬ץ/ץ(‬ using ͑8͒, we can express ͑1͒-͑3͒ in terms of the normalized variables as
and At the same time, if the cubic term is negative, there is a potential well on the negative side ͑i.e., there exist solitary waves with a negative potential͒ and if the cubic term is positive, there is a potential well on the positive side ͑i.e., there exist solitary waves with a positive potential͒. Therefore, by expanding the Sagdeev potential V() around the origin, the critical value of M ͑corresponding to the vanishing of the quadratic term͒, at which the second derivative changes sign, can be obtained as M c 2 ϭ␥ 2 , i.e., M c ϭ␥. At this critical value of M ͑i.e., M ϭ␥) the cubic term of V() can be expressed as Ϫ2␥ 2 /(1 Ϫ␥ 2 ). As ␥ϭk z /k is always less than unity, the cubic term is always negative, i.e., solitary waves with Ͻ0 can only exist. We have also numerically examined the Sagdeev potential V() for different values of M ͑at fixed ␥) and for different values of ␥ ͑at fixed M ). The results are displayed in Fig. 1 . The curves in Fig. 1͑a͒ show that at M ϭ␥ no solitary wave solution exists, but when M exceeds ␥, solitary waves with negative potential start to exist. It also shows that as we increase M, the amplitude ͓the value of ͉͉(Ͼ0) at which V()ϭ0͔ increases. The curves in Fig. 1͑b͒ show that when satisfying the condition for the existence of the solitary wave solutions ͑viz. ␥ϽM ) as we increase ␥, the amplitude decreases but the width increases. We have also numerically solved ͑14͒ and have obtained the solitary wave structures. These are shown in Fig. 2 . It is obvious from Fig. 2 that as we increase ␥, the amplitude of the solitary waves decreases, whereas their width increases. These results are in agreement with those obtained from the analysis of the Sagdeev potential shown in Fig. 1 . We have also obtained numerical soli- The amplitude ( m ) and the width (⌬) of the potential profile for typical parameters of Saturn rings 5, 7 ͑viz.,
2 , M ϭ0.46, and ␥ϭ0.4) are m Ӎ0.6 k B T i /eӍ6 V and ⌬Ӎ10 c d / cd Ӎ3ϫ10 3 km, respectively. On the other hand, when we consider the cometary tail, 5, 7, 32, 38 where the plasma parameters in the tail of Halley's comet measured by Vega and Giotto probes 32, 38 were 
III. SUMMARY
To summarize, we have investigated the nonlinear properties of the coupled dust-cyclotron and dust-acoustic waves in a magnetized dust-ion plasma. We have assumed that the dynamics of magnetized dust grains is governed by the continuity and momentum equations, while unmagnetized ions establish the Boltzmann distribution across the magnetic field. The two-component dusty plasma we have considered here is valid as long as n e ӶZ d n d . We have shown that there exist solitary waves with only a negative potential. The latter correspond to solitary waves with a density hump or compressive solitary waves. Physically, the solitary waves with a negative potential arise because around the highly negatively charged dust grains the potential is negative. Accordingly, the ions are pushed out from the negative potential region forming a density hump. Due to the quasineutrality condi- tion, the dust number density is also localized and compressional. We have also found that as we increase the obliqueness ͑i.e., decrease ␥͒, the amplitude increases whereas the width decreases. This means that the effect of the obliqueness makes the electrostatic solitary structures more spiky.
It may be stressed here that the results of the present investigation should be useful for understanding the nonlinear features of localized electrostatic disturbances in some space and astrophysical dusty plasma systems, particularly, in planetary ring systems ͑viz. Saturn's F-ring͒, and in cometary environment ͑viz. Halley's comet͒, where negatively charged dust particulates and Boltzmann distributed ions are the dominant plasma species. 
